Introduction {#Sec1}
============

The primary focus of this article is the study of the regularity of CR mappings. Looking at the literature concerning this problem, one observes that most theorems about the regularity of CR mappings are of a similar form which can be summarised as follows: We consider a CR mapping *H* between two CR submanifolds *M* and $\documentclass[12pt]{minimal}
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                \begin{document}$$M^\prime $$\end{document}$ with some a priori regularity that extends to a holomorphic mapping defined on a wedge with edge *M*. If the mapping and/or the manifolds satisfy certain nondegeneracy conditions at some point then it is proven that *H* is actually of optimal regularity near this point, that is smooth if *M* and $\documentclass[12pt]{minimal}
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                \begin{document}$$M^\prime $$\end{document}$ are smooth, or real analytic if the manifolds are real analytic. We should mention that the nondegeneracy assumptions are heavily tailored towards the methods applied in the various different proofs. In particular, it is worth noting that in most instances the conditions in the smooth setting differ sharply from those used in the analytic category. In the case of smooth CR manifolds, the fundamental contributions are the pioneering works of Fefferman \[[@CR13]\] and Nirenberg--Webster--Yang \[[@CR28]\]. We should also notice that in the analytic setting surprisingly weak assumptions often suffice, c.f. e.g. the classical results of Baouendi--Jacobowitz--Treves \[[@CR28]\], Huang \[[@CR20]\] and Pinčuk \[[@CR30]\].

One of the rare cases, where under the identical assumptions it has been possible to show that *H* is smooth if the manifolds are smooth and analytic if *M* and $\documentclass[12pt]{minimal}
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                \begin{document}$$M^\prime $$\end{document}$ are both analytic manifolds, has been the results of Lamel \[[@CR23], [@CR24]\]. He proved that every finitely nondegenerate CR mapping between two generic submanifolds that extends holomorphically is smooth and even analytic if both manifolds are real analytic.

Recently, Berhanu--Xiao \[[@CR3]\] were able to strengthen this result in the smooth case by relaxing partially its assumptions. They require only the target manifold to be an embedded CR manifold, the source manifold could be only an abstract CR manifold. The finitely nondegenerate condition on the mapping remains unchanged but the holomorphic extension obviously makes no sense in this situation. It is replaced in the theorem of Berhanu--Xiao with the assumption that the fibres of the wavefront set of *H* do not include opposite directions.

This microlocal assumption is automatically satisfied in the embedded setting if extension to a wedge is assumed since Baouendi--Chang--Treves \[[@CR1]\] showed that for CR distributions on CR submanifolds of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {C}}^N$$\end{document}$, the holomorphic extension into wedges is in fact a microlocal condition, which they used to define the hypoanalytic wavefront set of CR distributions. It coincides with the analytic wavefront set if the manifold is analytic. If the manifold is only smooth then the hypoanalytic wavefront set includes the smooth wavefront set.

Since the results of Lamel and Berhanu--Xiao suggest that finite nondegeneracy preserves regularity quite well, the following question arises naturally. Given a subsheaf $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {A}}$$\end{document}$ of the sheaf of smooth functions, we may ask that if in the formulation of the theorem of Lamel the manifolds are assumed to be of class $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {A}}$$\end{document}$, does it follow that the CR mapping has to be of class $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {A}}$$\end{document}$ as well?

Of course, we have to assume that $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {A}}$$\end{document}$ satisfies certain properties. First of all, in order for the conjecture above to make sense, $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {A}}$$\end{document}$ must be closed under composition and the implicit function theorem must hold in the category of mappings of class $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {A}}$$\end{document}$. Furthermore, if we try to modify the existing proofs in the smooth category then we need some version of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {A}}$$\end{document}$-wavefront set or more precisely a definition of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {A}}$$\end{document}$-microlocal regularity. We should note at this point that in both Lamel's proof and that of Berhanu--Xiao the characterisation of the smooth wavefront set by almost-analytic extensions was heavily used as both relied on an almost-analytic version of the implicit function theorem.

We are mainly interested in subsheafs of smooth functions that contain strictly the sheaf of real-analytic functions. We shall call the elements of such sheafs ultradifferentiable functions. Generally ultradifferentiable functions are determined either by estimates on its derivatives or its Fourier transform. The most well-known examples of ultradifferentiable classes are the Gevrey classes, see e.g. \[[@CR32]\].

Here, we consider the category of the so-called Denjoy--Carleman classes, which are defined in the following way. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {M}}=(m_j)_j$$\end{document}$ is a sequence of positive real numbers then the Denjoy--Carleman class associated with $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}$$\end{document}$ consists of those smooth functions that satisfy the following generalised Cauchy estimateon compact sets, where *C* and *h* are constants independent of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$. We will also say that a smooth function *f* obeying ([1.1](#Equ1){ref-type=""}) is of class $\documentclass[12pt]{minimal}
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                \begin{document}$$\{{\mathcal {M}}\}$$\end{document}$. In particular, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {M}}=(j!^s)_j$$\end{document}$ then the associated Denjoy--Carleman class to $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}$$\end{document}$ is the Gevrey class of order $\documentclass[12pt]{minimal}
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                \begin{document}$$s+1$$\end{document}$.

Examining literature concerning the Denjoy--Carleman classes and their properties, one can observe that stability conditions of the associated class correlate with properties of the weight sequence. For example, we know that, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {M}}$$\end{document}$ is a regular weight sequence in the sense of \[[@CR11]\], then the Denjoy--Carleman class associated with $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}$$\end{document}$ is closed under composition, solving ordinary differential equations and the implicit function theorem holds in the class, c.f. e.g. \[[@CR31]\]. Hence for regular sequences $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}$$\end{document}$, we can consider manifolds of Denjoy--Carleman type. We shall say such a manifold is an ultradifferentiable manifold of class $\documentclass[12pt]{minimal}
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                \begin{document}$$\{{\mathcal {M}}\}$$\end{document}$.

On the other hand, Hörmander \[[@CR18]\] introduced the ultradifferentiable wavefront set for distributions defined on open subsets of the Euclidean space. But since he worked under comparatively weak conditions on the weight sequence, Hörmander was only able to define the ultradifferentiable wavefront set $\documentclass[12pt]{minimal}
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                \begin{document}$${{\,\mathrm{WF}\,}}_{\mathcal {M}}u$$\end{document}$ of distributions *u* on real-analytic manifolds but not distributions defined on ultradifferentiable manifolds.

However, using Dyn'kins characterisation of ultradifferentiable functions by almost-analytic extensions \[[@CR10], [@CR11]\], we were able in \[[@CR14]\] to develop a geometric theory for the ultradifferentiable wavefront set. In particular, if the weight sequence is regular, the ultradifferentiable wavefront set of a distribution on an ultradifferentiable manifold is shown to be well defined. If we put additional conditions on the weight sequence, then we have also shown in \[[@CR14]\] a microlocal elliptic regularity result for linear partial differential operators with ultradifferentiable coefficients acting on ultradifferentiable vector bundles. We are going to call weight sequences, that satisfy these conditions, normal.

With these results at hand and an $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}$$\end{document}$-almost-analytic version of the almost-analytic implicit function theorem used in Lamel \[[@CR24]\] and Berhanu--Xiao \[[@CR3]\], it is possible to prove the ultradifferentiable version of the regularity result of Lamel:

Theorem 1.1 {#FPar1}
-----------
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                \begin{document}$${\mathcal {M}}$$\end{document}$ be a normal weight sequence and $\documentclass[12pt]{minimal}
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                \begin{document}$$M^\prime \subseteq {\mathbb {C}}^{N^\prime }$$\end{document}$ be two generic ultradifferentiable submanifolds of class $\documentclass[12pt]{minimal}
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                \begin{document}$$p_0$$\end{document}$. Suppose furthermore that *H* extends continuously to a holomorphic map in a wedge $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {W}}$$\end{document}$ with edge *M*. Then *H* is ultradifferentiable of class $\documentclass[12pt]{minimal}
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For the definition of finite nondegeneracy of a CR mapping, we refer to the beginning of Sect. [5](#Sec5){ref-type="sec"} and for the definition of normal weight sequence to Sect. [2](#Sec2){ref-type="sec"}.

More precisely this paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"}, the necessary results on Denjoy--Carleman classes and ultradifferentiable manifolds are discussed. In Sect. [3](#Sec3){ref-type="sec"}, we first recall the results from Dyn'kin \[[@CR10], [@CR11]\] on the almost-analytic extension of ultradifferentiable functions. Furthermore, we give the definition of the ultradifferentiable wavefront set according to Hörmander \[[@CR19]\] and close the section by briefly discussing the results on the ultradifferentiable wavefront set from \[[@CR14]\], that are needed later on.

In Sect. [4](#Sec4){ref-type="sec"}, basic definitions and first results on ultradifferentiable CR manifolds are given, whereas the proofs of Theorem [1.1](#FPar1){ref-type="sec"} and of ultradifferentiable versions of other regularity results of Lamel and Berhanu--Xiao are presented in Sect. [5](#Sec5){ref-type="sec"}. The last section is devoted to present essentially the generalisation of \[[@CR15]\] concerning the smoothness of infinitesimal CR automorphisms to normal Denjoy--Carleman classes. We end by examining smooth infinitesimal CR automorphisms on formally holomorphic nondegenerate quasianalytic CR submanifolds.

We should note that although Theorem [1.1](#FPar1){ref-type="sec"} gives rather precise information on the regularity of the mapping under consideration, the assumption of normality on the weight sequence is an obstruction, in the sense that any Denjoy--Carleman class given by a normal weight sequence is contained in some Gevrey class, c.f. \[[@CR34]\]. It is possible to overcome this obstacle, but for that we have to work in a far more general setting, which will be done in a forthcoming paper.

Denjoy--Carleman Classes {#Sec2}
========================

In this section, we summarise the results for Denjoy--Carleman classes that we need throughout the paper. For a more detailed presentation, see \[[@CR14]\]. Note that, unless stated otherwise, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega \subseteq {\mathbb {R}}^n$$\end{document}$ will be an open set.

Definition 2.1 {#FPar2}
--------------
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                \begin{document}$${\mathcal {M}}=(m_k)_k$$\end{document}$ be a sequence of positive numbers. Then $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_k^2\le m_{k-1}m_{k+1}\qquad k\in {\mathbb {N}}\end{aligned}$$\end{document}$$
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                \begin{document}$${\mathcal {M}}$$\end{document}$ is a normal weight sequence.

Note that a normal weight sequence is regular, since (M2') implies (M2), c.f. \[[@CR21]\]. We shall also mention, that we assume that the weight sequence is normal only in those statements, whose proofs actually require the stronger condition on the weight sequence.

Definition 2.2 {#FPar3}
--------------
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                \begin{document}$${\mathcal {M}}$$\end{document}$ be a regular weight sequence. Then we say that a smooth function $\documentclass[12pt]{minimal}
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                \begin{document}$$\{{\mathcal {M}}\}$$\end{document}$ iff for all compact sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} \bigl |\partial ^\alpha f(x)\bigr |\le Ch^{|\alpha |}m_{|\alpha |} |\alpha |! \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {E}}_{\mathcal {M}}(\Omega )$$\end{document}$. It is sometimes also called the Denjoy--Carleman class associated with $\documentclass[12pt]{minimal}
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Example 2.3 {#FPar4}
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Remark 2.5 {#FPar6}
----------
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The next result is the ultradifferentiable version of Sussmann's Theorem \[[@CR33]\].

Theorem 2.6 {#FPar7}
-----------
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The proof of Theorem [2.6](#FPar7){ref-type="sec"} is essentially the same as in the smooth setting, c.f. e.g. \[[@CR2]\], due to the fact that the solution of a (Banach space valued) ODE with ultradifferentiable data depends ultradifferentiable on said data, c.f. \[[@CR38]\]. The (unique) germ of the manifold *W* will be denoted as the local Sussmann orbit of $\documentclass[12pt]{minimal}
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One of the main differences between the space of smooth functions and the space of real-analytic functions is that in the smooth case there exist nontrivial test functions $\documentclass[12pt]{minimal}
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Definition 2.7 {#FPar8}
--------------
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In the case of Denjoy--Carleman classes, quasianalyticity is characterised by the following theorem.

Theorem 2.8 {#FPar9}
-----------

(Denjoy \[[@CR9]\]--Carleman \[[@CR6], [@CR7]\]) The space $\documentclass[12pt]{minimal}
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We say that a weight sequence is quasianalytic if it satisfies ([2.2](#Equ6){ref-type=""}) and nonquasianalytic if not.

Example 2.9 {#FPar10}
-----------
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                \begin{document}$${\mathcal {M}}$$\end{document}$ is a quasianalytic regular weight sequence then it is possible to show a quasianalytic version of Nagano's theorem \[[@CR27]\], c.f. \[[@CR14]\]. As in the case of the ultradifferentiable version of Sussmann's theorem, the proof is just a straightforward adaptation of the proof of the classical result, see e.g. \[[@CR2]\].

Theorem 2.10 {#FPar11}
------------

Let *U* be an open neighbourhood of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_0\in {\mathbb {R}}^n$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {M}}$$\end{document}$ a quasianalytic regular weight sequence. Furthermore, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {g}}$$\end{document}$ be a Lie subalgebra of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {X}}_{\mathcal {M}}(U)$$\end{document}$ that is also an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {E}}_{\mathcal {M}}$$\end{document}$-module, i.e. if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\in {\mathfrak {g}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in {\mathcal {E}}_{\mathcal {M}}(U)$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$fX\in {\mathfrak {g}}$$\end{document}$.
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As in the analytic category, c.f. \[[@CR2]\], we have the following result.

Corollary 2.11 {#FPar12}
--------------
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Proof {#FPar13}
-----
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We want to close this section by showing how the results pertaining the division of smooth functions in \[[@CR15], section 4\] transfer to the category of ultradifferentiable functions of class $\documentclass[12pt]{minimal}
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Proposition 2.12 {#FPar14}
----------------
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If *u* is a locally integrable function near 0 with the property that the product $\documentclass[12pt]{minimal}
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-----
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Almost-Analytic Extensions and the Wavefront Set in the Ultradifferentiable Setting {#Sec3}
===================================================================================

In this section, we recall the almost-analytic extension of ultradifferentiable functions given by Dyn'kin in \[[@CR10], [@CR11]\] and the ultradifferentiable wavefront set introduced by Hörmander in \[[@CR17]\]. The connection between the both was proven in \[[@CR14]\].
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In the following, we recall the results on the ultradifferentiable wavefront set that we need in this paper. We start with the definition given in \[[@CR17]\].
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It is a classic fact that the analytic wavefront set can not only be characterised by the Fourier transform but also by holomorphic extensions in certain directions, see \[[@CR5]\]. Likewise, the smooth wavefront set can be characterised by almost-analytic extensions, c.f. \[[@CR26]\].

In \[[@CR14]\], we showed that the ultradifferentiable wavefront set can be characterised by $\documentclass[12pt]{minimal}
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In the remainder of this section, we want to recall two theorems from \[[@CR14]\], which are crucial for the proof of Theorem [1.1](#FPar1){ref-type="sec"}. In order to state the first theorem, we need to recall some notations from \[[@CR14]\], which will be also used in the proof of Theorem [1.1](#FPar1){ref-type="sec"}.
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Inspired by \[[@CR26], section 2.1\] (c.f. also \[[@CR24], section 2\]) in the smooth category, we introduce the following notation. If $\documentclass[12pt]{minimal}
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Theorem 3.4 {#FPar19}
-----------
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We close this section by recalling the last fact that we need from \[[@CR14]\], the elliptic regularity theorem for partial differential operators with ultradifferentiable coefficients. More precisely we formulate the theorem for differential operators of class $\documentclass[12pt]{minimal}
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Theorem 3.5 {#FPar20}
-----------
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CR Manifolds of Denjoy Carleman Type {#Sec4}
====================================

Recall that an abstract CR manifold $\documentclass[12pt]{minimal}
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We note that, as in the smooth case, c.f. \[[@CR2]\], we can choose coordinates such that the defining equation of a generic submanifold is of a special form.
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The proof of Proposition [4.1](#FPar21){ref-type="sec"} is analogous to the proof of the statement in the smooth category, \[[@CR2], Theorem 1.3.6\] since the implicit function theorem holds in regular Denjoy--Carleman classes, c.f. \[[@CR4]\].
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Theorem 4.2 {#FPar22}
-----------
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Proof {#FPar23}
-----
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The next example is a straightforward generalisation of \[[@CR2], Example 1.5.16\].

Example 4.3 {#FPar24}
-----------
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Definition 4.4 {#FPar25}
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Remark 4.5 {#FPar26}
----------
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Ultradifferentiable Regularity of CR Mappings {#Sec5}
=============================================

The main goal of this section is to present the proof of Theorem [1.1](#FPar1){ref-type="sec"}. Furthermore, we show also ultradifferentiable versions of further regularity results of \[[@CR3]\] and \[[@CR24]\]. However, first we need to recall the definition of finite nondegeneracy of a CR mapping.

Definition 5.1 {#FPar27}
--------------
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Remark 5.2 {#FPar28}
----------
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Proof of Theorem 1.1 {#FPar29}
--------------------
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If we recall the well-known theorem of Tumanov \[[@CR37]\] which states that any CR function on a minimal CR submanifold *M* extends to a holomorphic function on a wedge with edge *M*, then we obtain the following corollary.
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This leads to the following result.
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Recently, Berhanu--Xiao \[[@CR3]\] showed that it is possible to slightly weaken the prerequisites of the smooth regularity result of Lamel. In particular, the source manifold *M* can be chosen to be an abstract CR manifold. Using the methods developed previously we can also generalise this result to the ultradifferentiable category.
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Proof {#FPar33}
-----
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Ultradifferentiable Regularity of Infinitesimal CR Automorphisms {#Sec6}
================================================================

In this section, we show how the results in \[[@CR15]\] concerning the smoothness of infinitesimal CR automorphisms transfer to the ultradifferentiable setting. Since our presentation here differs in some details from that given in \[[@CR15]\], we first recall the framework we are going to work in. In this section, $\documentclass[12pt]{minimal}
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Definition 6.1 {#FPar34}
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We need for the proofs of the regularity results a more suitable characterisation of infinitesimal CR automorphisms. We call a section $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {Y}}\in \Gamma (M,(T^\prime M)^*)$$\end{document}$ a holomorphic vector field on *M*.

Apparently every vector field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\in \Gamma (M,TM)$$\end{document}$ gives rise to a holomorphic vector field by first extending *X* to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {C}}TM$$\end{document}$ and then restricting the extension to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^*M$$\end{document}$. For a partial converse, we recall from \[[@CR15]\] the following purely algebraic result.

Lemma 6.2 {#FPar35}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {Y}}\in \Gamma (M,(T^\prime M)^*)$$\end{document}$. Then there exists a unique vector field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\in \Gamma (M,TM)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {Y}}$$\end{document}$ is induced by *X* if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {Y}}(\tau )=\overline{{\mathfrak {Y}}(\tau )}$$\end{document}$ for all characteristic forms $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$.

From now on, we shall not distinguish between *X* being a real vector field and a holomorphic vector field.
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Definition 6.4 {#FPar37}
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Theorem 6.6 {#FPar39}
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-----
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The next statement is an obvious corollary of Theorem [6.6](#FPar39){ref-type="sec"}.

Corollary 6.7 {#FPar41}
-------------
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However, the condition that *M* is actually finitely nondegenerate is far too restrictive. We shall say that $\documentclass[12pt]{minimal}
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Theorem 6.8 {#FPar42}
-----------
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In general it might be difficult to determine if a certain CR manifold is CR regular. In the following, we want to present some instances of CR regular manifolds. But first we take a closer look at the Lie derivatives of characteristic forms.
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Consider a general holomorphic form$$\documentclass[12pt]{minimal}
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With this notation and ([6.6](#Equ32){ref-type=""}), we can now state what the Lie derivative of the characteristic form $\documentclass[12pt]{minimal}
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-----
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Obviously, a similar approach as in the hypersurface case above can be used to find manifolds of higher codimension that are CR regular.
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-----
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In the preceding results, we required the involved manifolds to have a special form in order to simplify the necessary calculations, but of course there are many more CR regular manifolds. The next example gives a CR manifold that is not weakly nondegenerate at 0 in the sense of Definition [6.11](#FPar46){ref-type="sec"} but is still CR regular.
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------------
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Definition 6.14 {#FPar50}
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Remark 6.15 {#FPar51}
-----------
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Theorem 6.16 {#FPar52}
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Proof {#FPar53}
-----
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